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P. Sablonniére introduced the so-called left Bernstein quasi-interpolant, and
proved that the sequence of the approximating polynomials converges pointwise in
high-order rate to each sufficiently smooth approximated function. On the other
hand, Z.-C. Wu proved that the sequence of the norms of the operators is bounded.
In this paper, we extract the essence why Sablonniére’s operator exhibits good con-
vergence and stability properties, and we clarify a sufficient condition for general
operators to have similar properties. Moreover, regarding the family of the general
operators, we derive detailed results about the derivatives of the approximating
polynomials that estimate their uniform convergence degree, using a convenient
differentiability condition on approximated functions. Our results readily imply all
the preceding ones.  © 1998 Academic Press

1. INTRODUCTION

The Bernstein operator B,, of order ne N is defined as

B =% f(2)M)wa—ar (0] Rxel0 1),

while the Lagrange (interpolation) operator L, of the same nodes as B, is
represented as

Lw=3 ()" 00) rie-r sero,

n

There are many classical results on the Bernstein operator [1, 27]. In this
paper, we particularly notice P. Sablonniere’s work [5, 6]. He defined the
left Bernstein quasi-interpolant operator B as

K
BIf= 3% au(B, /)  (f:[0,1]>R),
k=0
306
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where K is an integer satisfying 0 < K <#n and «} are polynomials of degree
at most k satisfying

L,f= i (B, /)® (f:[0,1]>R);
k=0

and he proved in [6] that

lim " 1(B f(x) — f(x))

n— oo

(= D' X"(4(1+1)(1 —2x) P+ D(x) + 33X +D(x))
3.2 ([ + 1)

. . N (_1)1X1+1f(2l+2)(x)
nlinlonl {BP+Df(x)— f(x)) = (1) )

b}

where / is a non-negative integer, fe€ C**3[0,1], xe[0, 1], and X denotes
x(1 —x). Moreover, Z.-C. Wu proved in [ 7] that the sequence { |B%||} 2.
is bounded for each K, where ||-|| is the operator norm subordinate to the
uniform norm on C[O0, 1].

The aim of this paper is to extract the essence of the above-mentioned
facts on BX), to clarify the structure of general operators that have similar
properties to those of Sablonniére’s operator, and to derive more general
and more detailed results than the preceding ones, which imply their
theorems as a part of a “corollary.”

Throughout the paper, we adopt the following notations and conventions:

o i, =01I{_,-=1ifp,qeZ, qg<p;

o the symbol Y2_, stands for Y2 _ if P, Q are finite sets of
integers;

o the symbol N, denotes Nu {0};

o the symbol a' stands for [[7Z§ (a—k) and (¢)=a"/n! if aeR,
neNy;

o the symbol n!! stands for [} (n—2k)ifneZ, n> —1;

« the symbol £t stands for f™/n! if fis a function and ne Ny;

o the symbol P, denotes the set of polynomials of degree at most
ne N, with real coefficients;
e the symbol X denotes x(1 — x);

e the symbol ¢, denotes the polynomial of degree n defined as ¢,(x) =
(1 —2x)" =221 x 1721 for every neNy, ie., ey (X)=X", ey, 1(X)=
(1 —2x) X™ for every me Ny;
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e the symbol ||-|| denotes the uniform functional norm on C[0, 1] or
the operator norm subordinate to it;

o the symbol 4, denotes the forward difference operator of stepsize /
(heR, h>0).

2. MAIN RESULTS

Our main results are summed up in the following four theorems, whose
kernel is Theorem 2.4.

THEOREM 2.1. Let neN and T be an operator on {f | f: [0,1]—>R}.
Then the following two conditions are equivalent:

(1) T is represented as the form Tf=3%"_, f(v/n)t, (7,€P,,
f:10,1]>R) and TP,,=P,, (0<m<n);

(2) there exist unique V, eP, (0 <k<n) such that
Tf= Y VB, Y (f:[0,11-R),

k=0

where V. ; (k, e Ny, k<n, [<n—k) are determined by the following recur-
sion formula and V. can be identified with V,_,:

V*l,l=0 (OSZSH—I),

(vn—x)'7(x)  (xe[0,1]) (0<I<n),

M=

Vo (x)=T(- —x)' (x) =

v=0
(n=k) Vg, =nVip1—k(ey Vi +eaVie_q,1)
O0<k<gsn—1,0<iI<n—k—1).

THEOREM 2.2. For each neN, there exist uniqgue UjeP, (0<k<n)
such that
L,f=3Y U(B, ™  (f:[0,1]-R),
k=0
where U7, are determined by the recursion formula

{U"1=0, Ur=1,
(n—k) Ul = —k(e,Up+ e Up ) (0<k<n—1).
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Remark. We use this notation U7 throughout the paper.

THEOREM 2.3. For each neN, ke N, (k<n), we expand U}, as the form

k
U= Z ”k,l(n)el-
=0

Then the coefficients are estimated asymptotically as follows for every
k, e Ny:

Usp, 2141(1) =0 forall n=2k if I<k-—1,

Uz, 2(n) = O(n' =) (n—>ow0) if I<k—1,

n— oo

Upy1,2(n) =0 forall n=2k+1 if I<k,

U1, 2041(n) = O(n' =21 (n->o0) if I<k—1,
m 7*+ g e (n) =3(—1) 1 k(2 + 1)

Accordingly, they are roughly estimated as
U (n) = O(nt"?1=F) (n— o) for every k,1eN, (I<k).
In addition,
[UR | =O0n™ =%y (n— o) for every keN,.

Remark. We use this notation u;_,(n) throughout the paper.

THEOREM 24. Let {T,}_, be a sequence of operators on {f | f: [0, 1]
—R} such that for each neN, T, is represented as the form T,f =
2o_o fym)z,, (v,,€P,, f:[0,1]->R) and T,P,=P, (0<m<n).
According to Theorem 2.1, we expand

n

T,.f=Y VB, N™  (f:[0,1]>R)

k=0
and furthermore

k

Vi= Z Uk,l(n)el-

=0

Let e Ny and suppose there exists a Ke N, (K =2a) such that for every
k, e Ng the following conditions are satisfied.:
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(a) V=0 (K<k<n) for all n>K;
(b) v s(n) =0 1=¥) (n— c0) if ISk<K;
(c) |VE—Ull=o0(n"" (n— o) if k<K.

Then {T,}_, has the following properties:

(1) forall p,q, reN,, there exists a constant M such that for all ne N
and for all fe C'[0, 1]

lea (T, /) 4+ < Mp?—minte La21d | r0)|;
(2) forall B,yeN, (B<a) and for all f € C¥*7[0, 1],
(T, )P —=fP=0(nF)  (n—w0);
(3) if lim,, ,n** (Vi—Us)=R, in the sense of |-| (0<k<
20+ 2), then for all ye N, and for all fe C**T7+2[0, 1],

20042
lim n**'((T, )" — ) < Z R f[k]> in the sense of ||-||.

Proofs of these theorems will be given in the later sections.

Recall af in Section 1 and note that o} = U} /k! because Theorem 2.2
guarantees the uniqueness of U}. Though they were given in [ 5-7] by very
complicated recurrence relations, now we can calculate them from a simple
three-term recursion formula.

The left Bernstein quasi-interpolant operators BY) were not defined
when n < K, however, now we can redefine them for all Ke N, and for all
neN as

K
BEOf Z H(B, Y (f:[0,1]1-R).
The above theorems imply the following corollary regarding B,

COROLLARY 2.1. Let KeNy and a=[K/2]. Then {B%}> | has the
following properties:

(1) forall p,q, reN,, there exists a constant M such that for all ne N
and for all fe C'[0, 1]

les,(BSOf) @+ | < Mpe—minie La21h | £
(2) forall B,yeN, (B<a) and for all f € C*+7[0, 1],

IR D —f P =o(nF)  (n— o)
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(3) for all ye Ny and for all f e C*+7+2[0, 1],

lim 5=+ {(BF1) = )

_ {(—1)‘* Qo+ DI Gty o1 [1254 T 0gy o [R5 if K=,
(= 1)* 2o+ 1)1 (e, o f122721)O if K=20+1,

in the sense of | -||.

Proof. Let neN and suppose n>K. We substitute BX) into T, of
Theorem 2.4 and identify the given K with K in the theorem. Then K> 2«
and for every k € Ny,

o Ur if k<K,
70 if K<k<n.

Thus the conditions (a) and (c) are trivial. We can also verify (b) using
Theorem 2.3. Therefore, Theorem 2.4 implies the properties (1) and (2) in
this corollary. The property (3) is also derived by calculating R, in
Theorem 2.4 with the aid of Theorem 2.3. ||

Now we compare this corollary with the preceding results. When p=¢ =
r=0, (1) reduces to

(1) there exists a constant M such that for all ne N and for all
feC[0,1]
IBSOSfI <M | f].
This is nothing but the result of [7]. Besides, when y =0, we can rewrite
(3) as
(3) forall feC*™*2[0,1],
lim n**Y(B&f—f)

(—1)* (oo + 1) eny 4 1 fPHD + 30y, , f224)

325 (a4 1) i K=2a,

= (_l)u e, 2f'(2u+2) )
2 a1 it K=2a+1,

in the sense of | -|.
Here we used the identities (2o + 1)! = (200 + 1)!! (2a)!! = (200 + 1)!! 2%a!

and (20 +2)! = (20 +2)!! 2+ 1)1 =2*F a4+ 1)! (22 +1)!!. As the class
C**3[0, 1] can be embedded into C***2[0, 1], by regarding the sense of
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convergence as pointwise, (3') reduces further to the result of [6]. As we
see from these facts, Corollary 2.1 itself is a much more general and
detailed result than the preceding ones, and as to the theorems, therefore,
all the more.

3. PROOFS OF THEOREMS 2.1-2.3

In this section, we prove the first three theorems in the previous section.

Proof of Theorem 2.1. Suppose the condition (2) holds. It is trivial that
f=>"_,fvn)z, (r,eP,). Let feP, (0<m<n). Then, as is well
known, B, f€P,,. Thus (2)=(1) is immediate.

Suppose the condition (1) holds. We fix xe[0,1] for a while and
expand with respect to £e[0, 1]

= i (&=x)" (B, /)T (x).
k=0

Since it is well known that B, is invertible on P, (e.g., [5-7]), we can
calculate as

Tf(&) = TL, /(&) = TB B, L, /()= TB B, /()
= S B ) (&)(B, /)™ (x)
k=0

Letting & = x gives

n

Tf(x)= Y Vix)(B, /)" (x),

k=0

where V,(x)=TB;'(-—x)*(x). Thus the existence of V, satisfying the
above formula is guaranteed.
Let xe[0,1], te(—1, 1) and fix them for a while. We consider the case

fO=0+1=x) )< (1—x0)"' =9 (&e[0,1]).
Then

=
N
=
N
I

=y =M e e
"ea-n e a-c-xi-g o

<
o

— 1M s
N

(=]

<

Il
—
+
—
I
|
=
-
~
—
3
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For all k<n,
(B HW = () ) (4 —xr e

B 0= )

Therefore the relation Tf =Y% _, Vi(B, /)] implies

n n n
(1— Y(1=xt)" "V (x)= Vi(x) t*.
S =90 - o= § (7)1

This means the V, are obtained by expanding the left-hand side with
respect to ¢, and consequently the V/, are unique. Generalizing the above
formula, we expand for every /e N,

M=

<:_x>l(1+(1—x)t)”(1—xt)”‘ g < )Vkl x)

v=0

Here we can identify V), with V. Differentiating by ¢ and multiplying by
(14 (1—x)1)(1—xt) both sides of the above equation, we get

(14+(1—=2x)t—X1?) Zn: ()sz x)th1

=n i <n> Vi 141(x) 5 —nXt i <n> Ve i(x) t*
K—o \K/ 7 k) "~

k=0
by virtue of

(1+(I—x))(1 fxt)%

=((v—nx)—nXt)(1+(1—x) )" (1 —=xt)"~"

[A+1=x)0)" (1—xt)"""]

Rearrangement of the above formula with the conventional definition
V_11(x)=0 gives

n—1

% () =0 Vet

k=0

= i <Z> (nd,1+1(X)—k€1(x) Vk,,(x) —ke,(x) Vk—l,l(x)) 3
k=0
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Equating coefficients of ¥ on both sides yields
(n—=k) Viepr,i=nVi i1 —kley Vi i+ eaVie_y 1) (0<k<n—1, [>0).

Since we need V_ , only, we may restrict the region where / moves, to 0 <
/<n—k—1. In addition, the initial condition is

V_.,=0 (0<I<n—1)

and

n !
Voulx)= Y (V—x> () =T(-—x)(x)  (xe[0,1]) (0</<n),

v=0

derived by letting =0 on both sides of the formula generating V;_,.
Finally, we let @(¢)=¢ (£€[0, 1]) and expand

(’) Tp™(x) - (—x)\=™ (3.1)

Then ¢™€eP,, and TP,, =P, (0<m<n) imply V, ;e P, (0</<n). Using
the recursion formula, we obtain V,eP, (0<k<n). Thus (1)=(2) is
proved. |

Proof of Theorem 2.2. Obviously, T'= L, satisfies the condition (1) in
Theorem 2.1, therefore it also satisfies (2). We define U} as V in the case
T=L,. Then this theorem is immediate except the recursion formula.

When T=L,, recalling (3.1), we can expand

Vosor= 3 (1) o) (—oim= 3 (1)

m=0 m m=0 m
{1 (1=0),

=(x+(—x))= 0 (1<i<n).

Thus, from the recursion formula in Theorem 2.1, the identities
Viiz1=0 (0<k<n—1,0<iI<n—k—1)

hold. Then it suffices to consider the case /=0. |

Proof of Theorem 2.3. We prove this theorem by induction with the
recursion formula in Theorem 2.2. It is valid when k=0 because Uj=1
(n=0) and U7=0 (n>=1). Assume this theorem is valid for a fixed k € Ny.
Then for all n=2(k+1),
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(n—=2k—1) Ul 11
—(2k+1)(e, Uy 1 +e2Uy)
k k
=—(2k+1) <€1 Z Ungy1,20+1(1) €x41 + €5 Z u2k,21(n)e2l>-
=0 =0

SlnCC 61621+1 =€21—4€2(l+1) and 82621=62(1+1),
(n—2k —1) Ulye, 1,

k k
—(2k+1) < Z Up 1,20+ 1(1)(€2— A€ 4 1)) + Y Uy (1) 62(1+1)>

=0
k k+1

=—(2k+1) < Z “2k+1,21+1(”) ey—4 z ”2k+1,2(171)+1(”) €y
I

0 =1
k+1

+ D o 2q—1y(1) ezl>~

=1

Here we compare the coefficients on both sides. It is obvious that

Upe 41y, 204 1(1) =0 if I<k.
(n—2k —1) tpp 41y, (1)

Uk 41, 1(n) if 1=0,
(U 1, 2041(1) = Hgpe 1, 20— 1)+ 1(1) + Uy 21— 1)(1))
—(2k+1) if 1<I<k,

(= 1, 2 +1(1) + Uy 2(11))
if I=k+1.

This recursion formula and the assumption of induction imply

Upe 4 1), 21(1) = O(n=")(O(n'=* =)+ O(n'=*=2)+ O(n'~%*~1))
= O(n!~2k+1) if I<k.

Furthermore,

: k+1
lim n** u2(k+1),2(k+1)(n)

n— oo

= lim ”k(”_Zk_ 1) ”2(k+1),2(k+1)(”)

n— oo

= lim (—(2k+1))(—4n~'n** ”2k+1,2k+1(”)+”k”2k,2k(n))

n— oo

= 2k + D)0+ (=1 Qk— 1)) =(=1)*1 2k +1)—1)!I.
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Thus the estimation of u,y ) ,(n) (0</<2(k+1)) is demonstrated and
that of uy; 1 1y41,7(7) (0<I<2(k+1)+1) is similarly shown by using the
assumption of induction and the consequence on uyy 1) (). |

4. PRELIMINARY LEMMAS FOR THE PROOF OF THEOREM 2.4

This section is devoted to preparation of lemmas indispensable to prove
Theorem 2.4.

LemMmA 4.1.  Let {V}} X, be a sequence of polynomials of degree at most
keN,. For each ne N, we expand

M >

n__
Vi=
1

Uk,l(n) er
0

and furthermore for each r e N, (r <k)

(V1)) = Z

We suppose
U, 1(n) = O(nt21=F) (n—o0) (0<KILK).
Then
v (1) = QU1+ R R =)y o0) (0 <I<k—7).

Proof. We prove this lemma by induction. It is trivial when r=0.
Assume this lemma is valid for a fixed re N, (r <k —1). Then

(VD=3 vi,(n)e

=0
[(k—r)/2] [(k—r—1)/2]
! !
= ) Uy, (1) €3+ Y Vg 21 41(1) €541
1=0 1=0
Since
eo=0, ey =ley_y (I=1)
and

o
AR
[

—2eg, 6’2,+1=le2(,_1)—2(2]+1)321 (I=1),
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we have
. [(k—=r)/2]
(VZ)(H— )= Z lvi,z;(n) 621—1_202,1(”)30
=1
[(k—r—1)/2]
+ > Vi a1 1(M)(lea— 1y — 2(21+ 1) ey).
=1
Therefore,
[(k—r—1)/2] . [(k—r)/2]—1 .
Vi (n) ey + Y Vi 54 1(1) e
1=0 =0
[(k—r—1)/2]—1 [(k—r—1)/2]
= > (14 1) v} 245(n) €3,—2 > (214 1) v} 5141(n) €3
1=0 =0
[(k—r)2]1—1
+ > (I+1) v} 24 0(n) €314 1.

=0

Equating coefficients of e,; and e, ; on both sides yields

(14 1) vf 4 5(n) =220+ 1) vg 5, 4(n)
(O<I<[(k—r—=1)2]-1)

=221+ 1) v} 541(n)
(I=[(k—r—1)/2])

Vi (1) =

and
Vi a(n) =14+ 1) v}, 5(n) 0<I<[(k—=r)2]—1).
These recursion formulas and the assumption of induction imply

vy (m) = O(nmm Y+ DRI k) (s o) (O<I<h—(r4 1),

LEMMA 4.2. For allneN, ke Ny (k<n) and for all f:[0,1] >R,

n—k
(B0 =S ab,1 (%) by s
0

v=

where
b, (x) = <’;’> X1 —x)""  (xe[0,1]).

Remark. We use this notation b, , throughout the paper.

A proof of this lemma appears in [1, p. 12].
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LemMmA 4.3. For all p, q,r€ Ny, there exists a constant M such that for
all neN and for all f e C'[0, 1]

Hep(an)(qH)H < Mpa—mindlp/21.La21} | £

Proof. 1t was shown in [3, Lemma 3.5; 4, Theorem 9.4.1] that for all
peN,, there exists a constant M such that for all ne N and for all
feC[0,1]

lesp(B, f) P < Mn? || f1,
that is,
HezpDZI’Bn | < Mn?. (4.1)

By considering the Lebesgue constant of the operator e,,D/B,,, we get

n
eZp z |bn, v(q)l

v=0

lex, DB, || = for all p,gqeN, and neN. (4.2)

We can assume 7 > s € N, without loss of generality. Applying Lemma 4.2,
(4.2), and (4.1), we can estimate

leo, D***B, H—‘muax leap((B,g)™)]|

= max
lell=1

e n() Z Al/ng< >bns,v(2p)

n—s

e 2 10u_s

v=0

=2n" |le,, D¥B, _ | < M'n**. (4.3)

<2m®

Let f e C'[0, 1]. We can assume n > r without loss of generality. Applying
Lemma 4.2, the mean value theorem, and (4.2), we can calculate as

(B f)(q+r)_((B f)(r))(q)_n(r) Z Al/n <:1> bnir’v(q)’

-

lep(B,.f)

n—r
ep Z |bn7r,v(q)|
v=0

=1/l lle, DB
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Replacing p by min{[ p/2], [¢/2]} and letting s =g —2min{[ p/2], [¢/2]}
in (4.3) imply

HequBn—rH < Hep—zmin{[p/zj, [q/21} [l - He2min{[p/2], [q/Z]}Dan—rH
< Mn4—min{lp/2], [q/2]},

where M is a suitable constant. ||

LEMMA 4.4. Let r,seNg, feC"[0,1], and for each xe[0, 1]

r+s

g8 =3 fYUIx)(E—x)  (£e[0,1]), h,=f—g..
j=0
Then
max [(B,h,)"(x)|=0(n"?)  (n— o).
xe[0,1]

Proof. Let neN. We can assume n>r without loss of generality.
Lemma 4.2 and the mean value theorem imply

(B, 7)) (x )_nngw (Z)b,,_,,v(x)

n(’) n_r <v+r9

Zh(r)

>bn_,, (x) (0<0,0,,...0,_,<1).

Applying Taylor’s theorem to ", we obtain
(he) (&)= fAE) — 2. "(&)
=) =Y (SO (x)(E—x)/

j=0
SN A HE=X) )

s!

(E—x)* forsome Ae€(0,1],

where we noticed that s=0 yields A=1. Since f"*+* is continuous on
[0, 1], it is uniformly continuous on [0, 1]. Take an arbitrary ¢ >0. We
can find a 0 >0 such that for all x,, x,€[0, 1]

[x,— x| <0 implies |/ F9(x,) — fC+(x))| <e.
Therefore, when |(v+10,)/n— x| <9,

B V+r0“> <
¥ n s!

s

—X|.

v+r0,
n
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When |(v+r0,)/n—x| =0,

b v+r0, <£ v+r0v_ s+1
x n 510 n ’
where H=2 | f"*+9|. Hence in either case,
v+r0, e |v+r0, S H |v+r0, s+l
h, <— —x| +— | —L—x
n s! n s o n
Now we can calculate as
— v+ro
(B0 < X [0 (0% ) b,
v=0 n
e " |v+ro s
<= . b,_, (x
\S! vgo n n Y ( )
H " vtrb, [+
+— Y b,_, J(x).
sl o EO n )

Since 0 <f,<1 and 0<v/(n—r) <1 imply |0, —v/(n—r)| <1,

v

(o)
n—r n n—r

It was shown in [ 1, pp. 13-15] that

n

v+r0, ‘
——x

max

xe[0,11 Ty

Using this fact, we can estimate

n—r s
v+ro
max Y — bn—r v(x)
xe[0,11 [T n ’
n—r s
v r
< max ) —x|+=) b,_, (x)
xe[0,1] ‘To\|n—r n

n—r s S v m r sS—m
= max )y b,_, (x) ) < > —X <>
xel0.1] =, Zo\m/) |n—r n
s K r Ss—m n—r y m
<) < ><> max —x| b,_, (%)
meo \I1/\1 xe[0,11 [T [B—F >

= ZS: O(n—S+m) O(}’Z_M/2)= ZS: O(H—s+m/2)=0(n_s/2).

0 m=0
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Therefore,
g H
max |(B,h,)" (x)| <= M;n=4+— M,n=C6+D2
xe[0,1] s! sl o
for some M,, M,>0

< Mn—*¢ for all sufficiently large n,

where M is a suitable constant. |

Note that some special cases of Lemmas 4.3 and 4.4 are in Theorems
9.4.1 and 9.7.1 and in Lemma 9.5.2 in [4].

5. PROOF OF THEOREM 24

Now we are to prove Theorem 2.4. Here the notations Theorem 2.4(1),
(2), and (3) stand for the properties (1), (2), and (3), respectively, in
Theorem 2.4.

Proof of Theorem 2.4(1). We can assume n > K without loss of generality.
From the relation 7, f =3>X_, V7 (B, /), we expand

q+r

er(T, )+ =e,, Z Y < > ) (B, f)LT)@+r—m)

k=0 m=0

M

= I=0

-2 ()2

Applying Lemma 4.1, we have

3

7(" (”)€2p+1(B f) (atk=mtr),

qg+r K k—m
q-‘rl" m r—m
-3 () % k( )€ (B )T
K —
Y o
= 1=0
vg (n) = O(ntP1+m=k),

Replacing p by 2p+1/ and ¢ by g +k —m in Lemma 4.3 implies

H62p+l an)(q+k—m+r)” <an+k—m—min{p+[l/2],[(q+k—m)/2]} Hf(r)”~

Thus

q+r K k—m
les TN =171 Y, 3% otk

m=0 k=m [=0
% O(nq+k—m—min{p+[l/2], [(q+k—m)/2]})
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q+r k—

Hf(r)H Z Z Z O(n~ min{p, [(¢+k— m)/2]—[l/2]})
m=0 k=m [=0
q+r

=171 X

m=0 k=m

O(n4=min{p [(a+k=m)/2] = [(k=m)/21})

M )

q+r

Hf(r)H Z Z O(n?- min{p, [q/2]})

m=0 k=m

= /7] O(n—mmtr R (n o0),
that is,
lea( T, )47 < Mpe—minto-La22) | £,
where M is a suitable constant and we used the inequality [¢/2]+
[(k—m)2]<[(¢+k—m)/2] in the above calculation. |i

Proof of Theorem 2.4(2). First, we give the proof in the case
feCX*7[0,1]. We define the functions g, &, dependent of xe[0, 1] as

K+y

=Y fY)E—x)7 (e[0,1]),  he=[f—g.

Jj=0

We can assume n > K+ y without loss of generality. Since deg g, < K+ 7,

(L,g)"(&) =g, (&)= Z SHx) jP(E—x) 70

Jj=v

Thus
(L,g)? (x)=fU(x) y' = fP(x)

Using this relation, we can estimate

(T, /) =12

= max [(T, /)7 (x) = fP(x)]
xe[0,1]

= max (7,87 (x)+(T,h)? (x) = fP(x)]|

xe[0,1]

< max _|(7,g,)" (x) = fP(x)| + max [(T,h,)? (x)]
xe[0,1] xe[0,1]

= max [(7,g,)" (x) = (L,g)? (x)| + max [(T,/,)" (x)|
xe[0,1] xe[0,1]

< max H(Tngx)(y)_(l‘ngx)(y)u-‘r max |(Tnhx)(y) (x)|
xe[0,1] xe[0,1]
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Here

implies
( ) a - 1 n\(m) (k+ m)
y Z=: kgm k! (VO™ (Byge) 5777
Since deg g, < K+ y implies deg B, g, < K+ 7,
K+y
L,g.= Y UiB,g)™",
k=0
and consequently,
Y y K+7 1 .
(Lug) = ¥, < > Y g (U0 (Bug )t
m=0

Therefore,

max ”(Tngx)(y)_(Lngx)(y)H
xe[0,1]

Y K
y n\(m n\(m —m
<3 (DI0X LI -l max (8,04
m=0

xe[0,1]

K+y 1
+ Y 5l max (Bngxrk”—'"w).
k=K+1 xe[o,

It follows from the condition (c) and Markov’s inequality that
(V)™ — (U™ = o(n™).
It follows from Theorem 2.3 and Markov’s inequality that
(U™ = Ont21=5),

Furthermore, applying Lemma 4.3 with letting p=¢=0and r=k+y—m,
we get

I(B,g ) *r7=m| <M |g *k*t7—m) for some constant M.
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Since
K+y
gx(k+y—m)(é): Z f[/] ) i(k+y— m)(f x)’ k— y+m
j=k+y—m
K+y )
lg *rr=m < Yy e U (x)
j=k+y—m
K+y )
< X et
j=k+y—m
Thus
max [(B,g.)* 7™ <M’ for some constant M.
xe[0,1]
Consequently,

max |(7,g.)"—(L,g.)? | =o0(n"")+ Z O(ntk21-)

xelo. 1] k=K+1

=o(n~*)+ O(n[(K+ /2] —(K+ 1)) =o(n—),

where we used the assumption K > 2a«. On the other hand,

K

Tnhx: Z VZ(Bnhx)[k]
k=0

implies

X1

(Tnhx)(y)z Z < > z ' Vn (m) (B h )(k+y*m)'
m=0 k=m

Therefore,

max[(7,h,) (x)

xe[0,

K

u 1
<X <y> X g 00| max 1B, h) % ()]

m=0 m

It follows from the condition (b)—accordingly ||V7| = O(nt%?1=%)—and
Markov’s inequality that

IV = O(nt21=k),
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Furthermore, applying Lemma 4.4 with r=k+y—m and s=K—k+m,
we get

max _|(B,h,)**7=™ (x)| = o(n = K-FHm2),
xe[0,1]

Consequently,

Hence we obtain
(T, ) =[P =o0(n") (n—o0) forall feCXT7[0,1].  (5.1)

Next, we give the proof in the case f'e C**7[0, 1]. It is well known (see
[1, pp. 25-26]) that for all »e N, and for all f e C'[0, 1]

lim | (B, /)" —f|l=0.

(We can also prove it by applying (5.1) with T,=B,,, a=0, K=0, y=r.)
Take an arbitrary & > 0. Then there exists an N e N such that

1By /)" =fPll<e  (r<2B+7).
Let ¢p =By fand p= f— ¢. Then
Ipl<e  (r<2B+y).

We define the new operator 4T, as

2B
T f= Y VB, )™ (/:[0,1]—>R).
k=0
Since
Tnf_f: Tnp_ﬁTnp+/3Tnp_p+ Tn(p_(pa
we can estimate

(TN = f PN IT, )P = (T )]
(T p)? = pPl + I(T,0)? — 0.
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Since ¢ is a polynomial, it is immediate from (5.1) that
I(Tup)® — || = o(n=).

Applying (5.1) and replacing T, by 47,, « by 8, and K by 2§, we have
I(sTup)? —=p@l = 0(n=7).

Therefore, it suffices to estimate the first term of the right-hand side in the
above inequality. Since

K
Tap=pTup= 2  Vi(B,p)™,

k=28+1

14 K 1
(o= T = 3 (1) 3 L e

m=0 N/ e tm 2p+1} k!

y y 28+m 1
A B T
m=0 :

k={m, 2B+1}

g 1
— n\(m) (k+y—m)
EOY G,
k=2f+m+1

Therefore,

Y 2+m 1 .
(TP =T 1< S (1) 5 I

= ke={m,28+1}

Y K 1
+ 2 <y> X gl B,
m=0 °

M/ 2pim+1

Applying Lemma 4.3 and letting p=¢ =0 and r=k +y —m, we get

y y 2+m 1
Z<> Y I B, )<

m=0 \"V/ e tm 2p 413}
y 2+m
=Y X ORI |y = o),

m=0 k={m,28+1}
On the other hand, when k =28 +m+ 1,
k—m
(V)™ (B, p)r7=m = 3 ot ((n) e, (B, p)**7=m.

I1=0

As we mentioned in the proof of Theorem 2.4(1), we have

vg (n) = O(ntPI+m=F),
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Applying Lemma 4.3 and letting p=1/, g=k—2f—m, and r=2f+7y, we
get

Hel(Bnp)(k+7—m)H — O(Hk—2ﬂ—m—min{[l/2], [(k—m)/2]—ﬁ}) |‘P(2ﬂ+y)‘|~

Therefore,

- (7 S 1 (m) (e+y—m)
_ ymym (B y—m
Eo(m)k_%mﬂk! [V (B, p)& =]

K

— Zy“ z kim 0(n[1/2]+m—k)

m=0 k=28+m+1 [=0

X O(nk—Zﬁ—m—min{[l/ll [(k—m)/2] —ﬁ}) Hp(lﬁ’+y)”

y K k—m
-y Y Y O(nl21 =26 —min{L2]. Le=m)/21 =B} ) ¢
m=0 k=2+m+1 [=0
y K
= Z Z O(n[(k—m)/2]—Zﬁ—min{[(k—m)/ﬂ,[(k—m)/2]—.3})8
m=0 k=2B+m+1
=0(n=*)e.

Thus the proof is completed. ||

Proof of Theorem 2.4(3). We define the new operator 7, as

T.f= i VB, ¥ (f:[0,1]>R),

k=0

where

_ o (Vr—p~@FOR. i 0<k<2a+2,
4 il 2u+2<k<n.

Let I?:max{K, 200+ 2}. In Theorem 2.4(2), we replace 7, by T, « by
a+ 1, and K by K. Then we can easily verify that all the preconditions are
satisfied. Therefore, we obtain for all f e C**+2+7,

(T, )P = O = o(n =+ 1),
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Now we can estimate

-3 R

0

n““((Tnf)(y)—f(y))+”m+1(( f)(y) (T f) (7) <2°§2R f[k]> 7)

20 +2

<n (TN —f P+ Y HRUB ) = (R fH) ).

k=0

As we mentioned above, the first term converges to zero when n tends to
infinity. It suffices to estimate the second term. It is equal to

20 +2
> I(RA(B, /)P~ 189
k=0
2a+2 | 7 R, (y—m)
=3 S () ke g
k=0 llm=0
20‘+2 - HR v m)H (k+m) (k+m)
e A e A B IUEES)
k=0 m=0 ¢

where we used (5.2). ||

In this way, we have proved all the results.

In forthcoming papers, by using the theoretical results developed above,
we will describe new specific classes of operators, which differ from those
of Sablonniere, and are more convenient for practical applications.
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